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Abstract 

The long-time/large-scale, small-friction asymptotic for the one dimensional Langevin 
equation with a periodic potential is studied in this paper. It is shown that the Freidlin- 
Wentzell and central limit theorem (homogenization) limits commute. We prove that, 
in the combined small friction, long-time/large-scale limit the particle position con- 
verges weakly to a Brownian motion with a singular diffusion coefficient which we 
compute explicitly. We show that the same result is valid for a whole one parameter 
family of space/time rescalings. The proofs of our main results are based on some 
novel estimates on the resolvent of a hypoelliptic operator. 

1 Introduction and Main Results 

Random perturbations of dynamical systems has been the subject of intense study over 
the last several decades IIFW84I . One of the most extensively studied randomly per- 
turbed dynamical systems is given by the Langevin equation modelling the interaction 
of a classical particle with a heat bath at inverse temperature (3: 



q = -\/V(q)-jq+ ^/2jl3-^m ■ d-D 

Here, V(q) denotes a smooth potential, 7 is a friction coefficient which should be in- 
terpreted as the strength of the coupling to the heat bath, and ^(t) denotes standard 
d-dimensional white noise, i.e. a mean zero generalized Gaussian process with corre- 
lation structure 

There are various applications of this model to solid state physics, e.g. surface diffu- 
sion, Josephson junctions and superionic conductors. As a result, equation dl.lb has 
been one of the most popular stochastic models in the physics and the mathematics 
hterature. See, e.g., IIRis89l lRei02l IHTB90I iHNOSl and the references therein. 

Various asymptotic limits for the Langevin equation dl.lb have been studied, both 
in finite IINel67l lF7e04l and in infinite dimensions IISCF06I |PS05l . It is well known, 
for example, that for large values of the friction coefficient 7, solutions the rescaled 
process 

q^(t) = q{th) (1.2) 
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converges to the solution of the Smoluchowski equation 



= -VV{z) + V27/3^ai)- (1-3) 

This is usually called the Kramers to Smoluchowski limit. 

Clearly, in the limit as the friction coefficient converges to zero, and for fixed fi- 
nite time intervals, we retrieve the deterministic dynamics which is governed by the 
Hamiltonian system 

g = -VV{q). 

The small 7, large-time asymptotic is much more interesting and was originally studied 
by Freidlin and Wentzell IIFW84I |FW94| . It was shown in these references that, for 
d ~ \, and under appropriate assumptions on the potential, the Hamiltonian of the 
rescaled process 

g^=7g(t/7), (1.4) 

converges weakly, in the limit as 7 ^ 0, to a diffusion process on a graph. This re- 
sult was obtained for one dimensional Langevin equations with periodic potentials-the 
problem we study in this paper-in IIFW99II . From this limit theorem one can infer the 
limiting behavior of the rescaled particle position, which actually converges to a non- 
Markovian process; see Corollarv l2.2l and Remark 123] in this paper. Results similar to 
those of the Freidlin-Wentzell theory were obtained in HSowOSIfSowOSI using singular 
perturbation theory. 

On the other hand, when the potential is either periodic or random, and for fixed 
7 > 0, the long time behavior of solutions to ( II. Il l is described by an effective Brown- 
ian motion. Indeed, the rescaled particle position 

q'{t):=eq(t/e'') (1.5) 

converges weakly, in the limit as e ^ 0, to a Brownian motion with a nonnegative 
diffusion coefficient D^. An expression for the diffusion coefficient can be obtained 
implicitly via the solution of a suitable Poisson equation iRod89i ,HP(j4l IPV85I I01194I 
IKoz89l . See also Section |3]below. 

The above limit theorem for the rescaled process q'{t) does not provide us with a 
complete understanding of the long time asymptotic behavior of (II. Il l for two reasons. 
First, it does not contain any information on the time needed for the process q{t) to 
reach the asymptotic diffusive regime, the diffusive time scale Tdiff . Second, it does not 
provide us with any information on the dependence of the effective diffusion coefficient 

on the friction coefficient 7 and on the inverse temperature /3. The large-7/large-/3 
regime is the most interesting one from the point of view of applications and it has been 
studied quite extensively by means of formal asymptotics and numerical experiments, 
see lSLL"'"04i lLSR+04i and the references therein. An asymptotic formula for the 
diffusion coefficient which is valid at small temperatures was obtained rigorously by 
Kozlov in |Koz89 l . The formula obtained in that paper, however, is not valid uniformly 
in 7, but only for large or intermediate values of the friction coefficient. The purpose of 
this paper is to study the dependence of the diffusive time scale Tdiff and of the effective 
diffusion coefficient on the friction coefficient, in particular in the limit as 7 tends 
to 0, and to obtain results which are uniform in (3. We also derive various results related 
to the large 7 asymptotic. 

To get some intuition on the dependence of Tdiff and on 7, we calculate numer- 
ically for the nonlinear pendulum with dissipation and noise through the formula 

^ t^oo 2t 
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a. {(q(t)~ {q(t))f)/2tvst b. PVS7 

Figure 1 : Second moment and effective diffusivity for various values of 7 . 



where (•) denotes ensemble average. In Figure[T^ we plot the second moment of the 
particle position divided by 2t as a function of time, for various values of the friction 
coefficient. In Figure [T}5 we plot the diffusion coefficient as a function of 7. All simu- 
lations were performed at a fixed temperature f3^^ = 0.1. The numerical simulations 
suggest that 

for7<l, (1.6) 

for both 7 < 1 and 7 > 1. (1.7) 

The central result of this article is a rigorous justification of the above two (actually 
three) scaling limits, and the explicit calculation of the prefactors for both the large and 
the small 7 asymptotics of D^. We will restrict our attention to the one-dimensional 
case. We study the long time/small 7 asymptotic of the one-dimensional Langevin 
equation 

q^-d,V{q)~-/q+^2jP~^m d-S) 
when V{q) is a smooth, periodic potential and ^{t) is white noise. Our first result can 
be summarized in the following. 

Theorem 1.1. The Freidlin—Wentzell scaling limit and the diffusive scaling limit 
H1.5\l 'commute '. In particular, the rescaled process 

ejq{t/{je^)) 

converges weakly, both in the limg^^Q lim^^Q limit and the Wn^^Q lirn^—,o limit, to a 
Brownian motion with diffusion coefficient D* given by formula (I2.8l l below. 

Furthermore, the Kramers to Smoluchowski scaling limit (11.21 1 and the diffusive 
scaling limit ( ll.5l l also 'commute ': the rescaled process 



and that 



Tdiff ' 



1 

7 
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converges weakly, both in the lim^^Q lim-y^oo limit and the lim^^ao Unie-^o limit, to a 
Brownian motion with diffusion coefficient D given by formula ( 14.2b below. 

The above theorem justifies rigorously the expressions ( 11.61 ) and ( 11.71 ). for 7^1 
and 7 3> 1. 

Clearly, the above theorem implies that 

lim 'jD-. = D* and lim 'jD-. ~ D. 
In fact, we can say slightly more: in SectionH] we prove the two-sided bound 

— <D^<—, V7e(0,oo). 

7 7 

We also compute the next order correction in the large 7 expansion of the diffusion 
coefficient D^. 

More generally, we are going to study the small-7 asymptotic of the rescaled pro- 
cess 

q^{t) ^ X^q{t/ti^) (1.9) 

for a suitable one-parameter family of space-time rescalings A7, fi^. It turns out that 
the "right" scalings - the ones giving rise to a non-trivial limiting process - are of the 
form 

A^=7i+", ^^=7^+2", ae[0,cx)). (1.10) 

Note that the case a = corresponds to the Freidlin-Wentzell rescaling (|1.4| i. whereas 
the case a = 00 corresponds to the diffusive rescaling ( 11.51 ). Our second result is the 
following. 

Theorem 1.2. Assume that the Markov process {q{t), p(t)) is stationary on T x R. Then 
the rescaled process q'^(t) defined in ( |1.9t converges weakly to a Brownian motion for 
every a S (1/2, +00). The diffusion coefficient coefficient of the limiting Brownian 
motion is independent of a and is given by ( 12.81 ). 

Remark 1.3. We believe that this is the theorem is also true for a e (0, 1 /2). However, 
we haven 't been able to prove this. See also Remark U .8\ below. 

Remark 1.4. The stationarity assumption is not necessary and can be replaced with 
the assumption that the distribution of the initial condition has an density with 
respect to the Maxwell-Boltzmann distribution ^(dp dq) = exp{~j3H{p, q)) dp dq. 
For purely technical reasons it seems to be more difficult to obtain the same result for 
deterministic initial conditions. 

The, perhaps, surprising result is that the diffusion coefficient is independent of the 
exponent a: as long as we are at length and time scales which are long compared to the 
FreidUn-Wentzell length and time scales, the particle performs an effective Brownian 
motion with the same diffusion coefficient. 

Remark 1.5. A similar result holds for the large 7 limit: Under the assumption of 
stationarity, we have that 

lim 7-"g(t7^+2") = V2DW(t) 

7 — >-oo 

weakly on C([0, T], R)/or every a > 0, where D is given by formula \4.2\ below. 
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Similar scalings to the one considered in il.9i were considered for the passive tracer 
dynamics 

q = v(q) + V2aC, V • u = 

by Fannjiang in llFan02| . There it was shown that the diffusive time scale depends 
crucially on the ergodic properties of the vector field v{q) on T''. On the contrary, for 
the problem studied in this paper, the small 7 asymptotic of Tdiff and D are independent 
of the specific properties of the potential V(q). This is because the Hamiltonian vector 
field can never generate an ergodic flow on the phase space T x R due to the presence 
of the integral of the energy. 

The proofs of Theorems 11.11 and 1 1 .21 are based on a careful analysis of the gener- 
ator of the Markov process {q(t),p{t)) on T x R. It turns out to be notationally more 
convenient to study the the rescaled generator of ( II.8I 1 

L^ = -A + Lou, (1.11) 

7 

on T X R, where A = pdq —V'(q)dpis the Liouville operator describing the unperturbed 
deterministic dynamic and Lqu ~ P~^dp — pdp is the generator of the Ornstein- 
Uhlenbeck process describing the interaction with the heat bath. 

The main technical results which are needed for the proof of Theorem 11.11 are an 
estimate on the resolvent of L~^, as well as estimates on derivatives of solutions to 
Poisson equation of the form —L^u = h. We obtain an estimate on the semigroup 
generated by which is independent of 7: 

Theorem 1.6. There exist constants C and a independent of ^ such that 

lle^-'Vll <Ce-"*||/||, (1.12) 

holds for every t > 0, every 7 < 1, and every f G L^ip) such that J fdji = 0, where 
li(dpdq) = Z^^ exp(—l3H{q,p)) dpdq. 

The Poisson equation that we need to analyze is 

— L^ip^ = p. (1-13) 

The boundary conditions for this PDE are that the solution in periodic in q and that it 
belongs to L^(/i). Our estimate on derivatives of if^ is uniform in 7: 

Proposition 1.7. Assume that V(q) is smooth and let (p-y be the solution to ( 11.13b . The 

there exists a constant C which is independent of^ such that 

ll^7ll' + l|5p¥'7ll' + i|5,^7ll' + 7(l|9>^|P + ||5,5,^,|P + ||a2^^||^) <C, (1.14) 
independently of ^ . Furthermore, dpcp-y is an element of L'^(^) and 

\\^pv4LH^.)<C{l + l-^'^) ■ (1.15) 

Remark 1.8. We believe that estimate il . 1 5\ should actually be uniform in 7. However, 
we haven 't been able to prove this. The reason for this is that we obtain jl-lSj as a con- 
sequence of Sobolev embedding, but dpip^ is not uniformly bounded in any weighted 
space. 
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The proof of estimates 11.121 and 1 1 . 1 51 is based on the commutator techniques that 
were developed recently by Villani II Vil06ll . Somewhat similar estimates to the ones we 
prove in this paper were recently derived by Herau in IHerOTI . 

The rest of the paper is organized as follows. In Section|2]we analyze the Freidlin- 
Wentzell scaling ( 11.41 ). In Section [51 we then study the diffusive scaling ( 11.51 ). In 
Section|4]we obtain upper and lower bounds on the diffusion coefficient and we study 
the large 7 asymptotic. The intermediate scalings ( |1.9t for a e (0, +00) are investi- 
gated in Section |5] The necessary estimates on the resolvent of the generator are 
presented in Section|6l 
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2 Critical Scaling: the a = case 

Let us rewrite the Langevin equation ( II. lb in one space dimension as a first order 
system: 



where V(q) is a smooth periodic potential with period 1 and W(t) is a standard one- 
dimensional Wiener process. 

This section is devoted to the study of the critical scaling 



which corresponds to the limiting case which is not covered by Theorem ll.2l It turns 
out that under this scaling, q"' does not converge to a Brownian motion, but to a non- 
Markovian process that will be described in this section. 

The behavior at the critical scaling can be understood with the help of the Freidlin- 
Wentzell theory of averaging for small random perturbations of a Hamiltonian system 
IIFW94I IFW98I IFW99I I . Recall that one can associate to a Hamiltonian system on the 
symplectic manifold A4 = T x R a graph F in such a way that every point in the 
graph corresponds to a connected component of a level set of H. Vertices of the graph 
correspond to level sets containing a critical point of H. See Figure|2]for an example. 

We identify points on the graph F with elements of R x Z by ordering the edges of 
the graph and taking the value of the Hamiltonian as a local coordinate along each edge. 
We denote hy H: A4 ^FwRxZ the 'extended' Hamiltonian which associates each 
point to its energy, together with the number of the edge to which the corresponding 
connected component belongs. 

Denoting by A the Lebesgue measure on Ai, the measure A = H*\ on F then 
has a density with respect to Lebesgue measure on F, which we denote by T(z). The 
notation T{z) is justified by the fact that it is actually equal to the period of the orbit 
corresponding to the point z. It is therefore a straightforward exercise to see that 



dp{t) = -dqV{q{t)) dt - -ipit) dt + ^j2-il3-^dW , 



dq{t) = p(t) dt , 



q\t) = -fq{th) , 



(2.2) 



r(z)« |iog(z-^o)l , 
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V(q) 




Figure 2: Example of a potential with the orbits of the Hamiltonian flow and the corre- 
sponding Freidlin-Wentzell graph F. 



near the vicinity of a critical orbit zq which corresponds to a maximum of the potential. 
For a point z E T, denote by the measure on H^^{z) which is such that 



f(x)Xidx)^ / / f{x)Udx)dz, 

for every integrable function / : R. The measure 1^ is not a probability measure 

but has mass T{z). With this notation at hand, we define the function 

S(z)^ [ Izidx), 

Jh-^(z) 

where we used the notation x ~ (q,p) for elements of A4. The function S{z) has non- 
trivial limits as z approaches the vertices of F. Note that these limits are in general 
different for different ways of approaching the same vertex, so that S is discontinuous 
on r. It is also possible to check IIFW84I that S satisfies the relation S'{z) = T{z) in 
the interior of the edges. 

The main result of IIFW99II is then 

Theorem 2.1. Let X'^it) be defined by X'^(t) = {p(t/^), q(t/j)), where {p,q) is a 
solution to ( 12. 7 1 ). Then, the process H(X"'{t)) converges weakly to a Markov process 
Y onT whose generator is given by the expression 

Tt\ 1 d ( ^ dvjz) ^ Sjz) dv(z) 



fijr z in the interior of the edges of T. The domain of L consists of functions v such 
that the above expression is square integrable, and such that at each interior vertex. 
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the derivatives ofv along the edges satisfy the 'gluing' conditions 

a(zo,k) Urn S{z) — ^—^ = 0. 

k^zo 

Here, zq denotes an interior vertex of T, the sum runs over all edges k adjacent to zq, 
and z —fk Zq means that z converges to zq along the edge k. The factor a{za, k) is 
equal to 1 if H(z) > H(za)for z in the kth edge and —1 otherwise. 

Note that the gluing conditions are such that the process Y is reversible with re- 
spect to the probability measure ^ifjidz) = Zp^e~^^X(dz) = Zp^e^^^T(z) dz on 

r. This in turn is precisely the push-forward under H of the probability measure 
Z'^^e~^-^'-^^ X(dx) on A4 which is invariant for the process X'^. 

Corollary 2.2. Let f : A4 R be smooth with at most polynomial growth and define 
f:T^Rby 



Tiz) Jh-Hz) 

Then, the process Jg f{X^(s)) ds converges weakly to the process f(Y(s)) ds. 

Proof. If f = in a neighborhood of the critical orbits, the result follows from a 
standard averaging argument which will not be reproduced here. We refer to [] for a 
similar calculation. We can now construct smooth functions such that = in 
a (5-neighborhood of the critical orbits and ~ f outside of a 2(5-neighborhood of 
the critical orbits. The result then follows immediately from the fact that there exists a 
function h with lim^^o H^) = such that the expectation of the time that the process 
X'^ spends in the region where f^y^fis bounded by h{S), uniformly in 7 (see IIFW84I 
p. 294]). □ 



Remark 2.3. An important particular case of Corollary \2.2\ is that of f{p, q) — p. It 
shows that the process q^' defined in \2.2^ converges weakly to the process 

q*(t)^ I p(Y{s))ds, 



JO 

where the function p: T ^ R is defined from p as in Corollarv \2.2\ 

It is clear that the process q* is not Markov by itself, but requires the computation 
of Y first. Note also that the function p{z) vanishes identically for values of z cor- 
responding to closed orbits, so that the process q* is constant on intervals of time of 
positive length. On values of z for which the orbits are open, one has 

p(z) = ±7^ , (2.4) 

since the average velocity is given by the size of the torus (which was set to 1), divided 
by the period of the orbit. 

Denote by Vt the semigroup over F generated by L. It follows from the central 
limit theorem for additive functionals of reversible Markov processes IIKV86I that the 
process eq*{t/e'^) converges weakly as e ^ to a Brownian motion with diffusivity 
given by 



D* = f f p{z)Vtpiz)npidz)dt 
Jo Jr 
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Since L is self-adjoint in L^(r, fip) and has a spectral gap, this integral converges and 
is given by 

D* = -{p,L-'p)f3, (2.5) 

where we denoted by {■,-)p the scalar product inL^(r,/i/3). 

It turns out that in our case, this expression can be computed in a very explicit way. 
Note that in L^(r, /i^), one has L = —A* A, where the first order differential operator 
A is given by 

/ S(z) dv(z) .dv(z) 

Av(z) ~ \ = a{z) . 

^ ' Y /3T(z) dz ' dz 

The domain of A consists of all continuous functions / on F such that / is weakly 
differentiable in the interior of each edge and such that Af £ h^(T, fi/^). 

The adjoint of A is given by the operator that acts in the interior of the edges of F 

like 

A*w(z) = ^^^{T{z)e"P'a{z)w{z)) 
1 {z) dz 



d fT'i^z^ \ 

endowed with the 'boundary conditions' 

Vcr(zo,A:) lim Tiz)a{z)w{z) = . (2.6) 

Here, we used the same notations as in the statement of Theorem l2.1l One then has the 
following variational formulation of D*: 

D* =mf{\\g\\l\A*g^p} . (2.7) 

Functions satisfying the relation A*g ~ p are of the form 

where we denote by k the index of the edge to which z belongs and by zo the vertex 
with the lowest energy adjacent to that edge. The constants T4 are determined by the 
requirements that g satisfies the conditions i2.6i and that g e L^. By ( 12.71 ). remaining 
degrees of freedom should be dealt with by minimising over \\g\\p. 

In our case, the graph F contains two infinite edges and a number of finite ones. 
Since p vanishes on the finite edges and is given by i2.4i on the two infinite edges, it 
follows that the function g minimizing i2.7\ is given by 

1 

g(z) = a{z) 



VPS(z)T(z) 



where the function a{z) vanishes on all the finite edges and is equal to ±1 on the infinite 
edges, with the same sign as p. Therefore, we finally obtain for D* the expression 



PZp Jeo S(z) 
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where Eq is the energy of the vertex at which the two infinite edges join. (The reason 
for the factor 2 in front of the above expression is that there are exactly two infinite 
edges starting at Eq.) The function S(z) is asymptotic to 2zT{z) « ^/2z at infinity and 
converges to a non-zero constant as 2; — ^ i^o. Furthermore, the partition function Zp 
behaves Hke To //? for large values of /3 (here To is the value of T{z) as z approaches 
the orbit where the energy attains its global minimum). 

In order to compute the behavior of Zfs for small values of f3, we use the fact that 
T(z) w for large values of z. Therefore 





A similar calculation allows to evaluate the behavior of the integral over e~^^ / S{z) for 
small values of (3. Collecting these asymptotic estimates, one obtains 

Remark 2.4. It is unsurprising to see that the high-temperature limit (3 ^ Q coincides 
with the result that one obtains when = 0. 



3 The Central Limit Theorem Regime: The a = 00 Case. 

Just as in the previous section, the long time behavior of solutions to ( II. lb for a fixed 
value of 7 is governed by an effective Brownian motion. Indeed, the following central 
limit theorem holds ||Roa89, PV85. ,HP04l |Koz89l . 

Theorem 3.1. Let V{q) G C^^(T) and define the rescaled process 

Then q^{t) converges weakly, on C([0,r],R), in the limit as e —f 0, to a Brownian 
motion with diffusion coefficient 

1 f 

^ — / p(pj^(dpdq), (3.1) 
7 JtxR 

where fi{dp dq) = Z^^ exp{—j3H{p, q)) dp dq, and the fimction ip^ is the unique mean- 
zero solution of the Poisson equation 

- L^ip^ = p . (3.2) 

Here is the rescaled generator defined in ( 11. lit and tp^ is periodic in q and an 
element of L^(fi). 

Remark 3.2. This theorem is valid in arbitrary dimensions. It is also valid when the 
force field in ( 11.11 ) is not the gradient of a scalar function, provided that fi(dpdq) is 
replaced by the corresponding invariant measure; see l[IIP04]l . 

The main result of this section is that, in the limit as the friction coefficient 7 tends 
to 0, the rescaled effective diffusion coefficient given by (13.1b converges to the Freidlin- 
Wentzell effective diffusivity (12.5b . 
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Proposition 3.3. One has //m-y_,o '^D^ = D*, where D* is obtained by l\2.5i . 

Proof. Denote as before by the generator of the critically rescaled dynamic i2.2\ 
given in eqn. (II. lib and by the corresponding semigroup acting on L^(M., fi). De- 
note furthermore as previously by L the generator of the limiting Feeidlin-Wentzell 
dynamic (12. 3t and by Vt the corresponding semigroup acting on h^(T, n). Finally, we 
introduce the averaging operator 11 defined (on continuous functions / : Ai ^ R) by 

(n/)(z)--^/ meAdy), zeT. (3.3) 



Tiz) 



H-\z) 



Note that 11/ is a function from F to R. Furthermore, it is immediate that n is a 
contraction from L^(A^, /i) to i-?iT, /i) and can therefore be extended uniquely to all 
ofL2(7W,^). 

We also define the isometric embedding operator t : L^(r, /i) L^(A^, /i) by 

{if){x) = f{H{x)) . 

With these notations, one has D* = (Hp, L^^Iip) and ^D^i = {p, L^^p), so that the 
result follows if one can show that the strong limit in L^{ A4, fi) 

lim Lr V = 'i^'n/ , (3.4) 
7— >o ' 

holds for every element / G (A4, fi) such that J f(x) i-i(dx) = 0. 
This will be the consequence of the following two lemmas: 

Lemma 3.4. For every function f e L^{Ai, fj,), the limit lim^^Q f = iVJlf holds 
in L'^(M,fi). 

Proof. Assume first that / is bounded and continuous. It then follows from Corol- 
lary |2]2]that lim-y^o('P7/)(2'') = (t7-'fn/)(a;) forevery a; S A4. The claim then follows 
from Lebesgue's dominated convergence theorem. The fact that the claim holds for ev- 
ery / G L^{A4, fi) is now a simple consequence of the density of bounded continuous 
functions, together with the fact that Vf is a contraction operator in Li^{M , fi). □ 

This, together with Theorem lL6l vields: 
Lemma 3.5. There exist constants C and a (independent of j < I) such that 

\\v;'f\\ + \\vj\\<ce-"'\\f\\, 

for every f G L^{T, /i) such that J f(x) fi(dx) = 0, and for every t > 0. 



Proof. The bound on ||7^7/ll is precisely the one given in Theorem II. 61 Since this 
bound is uniform in 7, the bound on Vtf follows at once from Lemma [374] □ 



We now have all the necessary ingredients for the proof of ( 13.41) . Fix e > and 
choose T sufficiently large such that 



L-\f~ / V^dt 



< £ 



L-'Uf - / VtUfdt 







< e 
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Such a T can be chosen independently of 7 by Lemma 13.51 On the other hand, it 
follows from Lemma 13741 and Lebesgue's dominated convergence theorem that 



hm 

7-»0 



(r^f - iVtUf) dt 



= 0, 



and the result follows. □ 

Remark 3.6. Following the methodology advertised in hPSOTH , it would be satisfying 
to obtain an expansion for ip^ of the type (^-y = tpo + 7<^i + ofor some error term g 
and therefore to get better explicit control over the convergence in ( I5.4I >. The problem 



with this approach is the loss of regularizing properties of the resolvent L^^ as j 0. 
In particular, the limiting function tpo is not C°°, but only Lipschitz continuous. As a 
consequence, the first corrector is not of order 7, but expected to be of order 7^/^, see 
hSow03\ \Sow05'i , thus leading to a breakdown of the naive perturbative expansion. 

4 Estimates on the Effective Diffusion Coefficient 

In this section we present some estimates on the diffusion coefficient defined 
in ( 13.1b . To state the upper bound we need to define the diffusion coefficient for the 
Smoluchowski equation 

z = -d,V{z)+ (4.1) 

with V{z) being the smooth periodic potential in ( ILlb . It is well known, see e.g. 
II01194I or IIPS07I Ch. 13], that the rescaled process ezit/e^) converges weakly in 
the limit as e ^ to V2DW{t) where W(t) is a standard Brownian motion and the 
diffusion coefficient is given by the formula 

D^p-' + dgx\^ y(dq) =: + dqx\\\ (4.2) 

where 

^(dq) = le-'^^'*) dq, [ e-^^(«> dq , 

and the function x is the solution to the Poisson equation 

Lx = d^Viq), L = -d,V{q)dq + r^dl , (4.3) 

equipped with periodic boundary conditions. It is well known that D < The 
upper bound in the theorem below shows that diffusion for the Langevin dynamics is 
depleted even further. 



Proposition 4.1. Let D* be as in i2.8i and let D be as above. Then, the bound 

— <D.,<—, (4.4) 

7 7 

is valid for every 7 G (0, 00). 

Proof. We multiply equation (13.2b by a smooth test function ij] S L^in) to obtain 
— ( fjAip nidpdq) + f dpip^dptp ^(dpdq) ^ f pxp^^dpdq). (4.5) 

7 JTxR JTxR JTxR 
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We choose a test function which is independent of p, ip ^ ip(q) to obtain 

/ (pjpdq^p iJidpdq) = 0. (4.6) 

JtxR 

We introduce the decomposition 

^7(9) = / flip, 9) t^fiidp) , <fy(p, q) = f-yip, q) - ^Jq) , (4.7) 



where I'pip) = Z^^ exp(— /3p^/2). Note that if (^9 is a function from R to R such that 
J ip(p) I'pidp) = 0, then it follows from the spectral decomposition of the harmonic 
oscillator Schrodinger operator that > /3||(/3|p, where the norms are in Lp'ivp). 

This inequality can be applied pointwise to (p^, so that he bound 

\\dp^4^ = \\dp^4^>mif (4.8) 

holds. 

Substituting the decomposition (14.7b and ( 14.6b into the expression for D^, we obtain 



^ ip^p fi{dp dq) ^ / (fjp(l + dqip) fi(dp dq) 

JTxR JTxR 

< ii^^ii |b(i + 9gV)|| < ^^\\dpip4\\i + dgMp\\ 



< /^||i + a,v^||v//3-i. 

Here, we used ( 14.8b on the second line and we used the fact that the effective diffusion 
coefficient can be written as 

to go from the second to the third line. It follows from this calculation that D-^ < 
+ dqipW^, so that (14.41 ) follows by taking tp in the above estimate to be x, the 
solution of (14.31 ). and by using (14.2b . 

Now we proceed with the bound from below. This time, we use a test function tp 
of the form 

ip o H for p >Q 
-ip o H foip < 

where (p : R+ — > R+ is a smooth function with (p{H) = for H < Eq and such that 
]imHiEo 'p'iH) 7^ 0. Plugging this ansatz into equation ( 14.51 ), we obtain 

/?~^ / dpLpjdpip nidpdq) = / ptp ii{dpdq) — —l3~^ / dpip fi(dp dq) . 

JtxR JtxR JtxS. 

Here, we used integration by parts and the explicit expression for fi in order to obtain 
the second equality. Cauchy-Schwarz now yields: 



i'ip, q) 



Dy = ^Wdp^yW^ > 



Jjy,Rdptp fiidpdq)^ 



At this point, we notice that, with the notations of Section|2] this is equivalent to 

2 



-D7 > 



{2Z^'j2^'iz)e-^^dzy 
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Figure 3: Large 7 asymptotic for the effective diffusivity. 



Choosing (p such that (p'{z) ~ 1/S{z), we finally obtain 

2 f°° e"*^^ 
> — — / — — dz 



which, combined with ( 12.81 ). is the required bound. □ 
4.1 Large 7 Asymptotic 

It is well known that, when 7 is large, solutions to the Langevin equation (ILlb are 
approximated by solutions to the Smoluchowski equation ( 14. Il l, see e.g. IINel671 Thm. 
10.1], |Fre04 1 . It is therefore not surprising that a result similar to Proposition l3 . 3 I holds 
in the large 7 limit: 

hm jD = D = 



1 



(3ZZ 
where 



In the above we used the fact that D can be calculated explicitly IIPS07I Sec. 13.6]. 
It is also quite straightforward (at least formally) to obtain the next term in the small 
7^^ expansion for D^. We solve perturbatively ( 13.2b using the technique presented 
in IIHL84I Ch. 8] we obtain 

D^^^-^^o(\\ (4.9) 

where Z and Z are as before, and Zi is given by Zi = J^(V'{q))^e^^'^'^^ dq. 

In Figure[3] we plot the diffusion coefficient D for the nonlinear pendulum obtained 
from direct numerical simulations, together with the approximation ( 14. 9b . As expected. 
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the agreement between the result of the the Monte-Carlo simulation and the theoretical 
prediction is very good, even for values of 7 that are close to 0(1)0 

5 The intermediate regime: the a € (0, +00) case 

In this section we consider intermediate length and time scales, between and Freidlin- 
Wentzell and the central limit theorem ones. In particular, we prove Theorem 11.21 
namely that, at intermediate length/time scales the particle position converges weakly 
to a Brownian motion with the Freidlin-Wentzell effective diffusivitv l2.8l 



Proof of Theorem u .2\ Notice that the stationarity assumption implies that, for every 
smooth function in L^ifi), periodic in q, 

Ef{p(t),q(t))= [ f(p,q)fi(dpdq). 

Let (p~^ be the solution to the Poisson equation ( 13.2b . We apply Ito's formula to (p-^{p, q) 
to obtain 

q'^it) = A^g(0) + / p{s)ds 



A^g(O) - A^7 ^ (ipj(p(t/ fij), q(t/ fi^)) - tpj{p(0), q{0)) 



+ y^27-iA2;3-i J dp^^ipis), q{s)) dW{s) 
=: X^q(0) + R'' + A'P, 

where A^, /i^ are given in ( fTTOI i. We obviously have that lim^^oE(A^g(0)) = 0. 
Proposition 16.11 the stationarity assumption and our assumption that a > 0, further- 
more imply that 

E|i?'^|2 < C7" ^ 0, 

as 7 ^ 0. 

Consider now the martingale term M'^. According to the martingale central limit 
theorem IIEK86I . in order to prove that AI'^ converges to a Brownian motion, it is 
sufficient to show that the quadratic variation process {AP), converges weakly to a 
constant times t. This quadratic variation process is given by: 

{AP)t = / \dp^^{p(s), ds . 



Define 



and 



7/3 



2A^ 

f^{p,q) := ■^\dj,v^{p,q)\^ = 2l3-^\dp^^\ 



fj / f'i(P,q)fJ'(dpdq) , 

JTxR 

where = Z^^ exp{—fiH{p, q)) dpdq. It follows from Propositions 16.11 and 16 . 3 1 that 
remains bounded between two positive constants as 7 ^ 0. 



'in the case where the potential has period £, as opposed to 1, then formula 14. 9t has to be multiplied by 
' and all the integrals that define the coefficients that appear in the formula ai'e taken from to £. 
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In order to bound the error between {M^)t and f ^t, the idea is to subdivide the 
interval [0, t] into N 'small' intervals of size r = t/N and to add the individual errors 
made at each time interval. Denote tk = kr and et = \{^i^)tk+i ~ {-^J^)tk ~ f-yTl- 
Then, the fact that (M^) is an increasing process implies that 

N N 

sup |(MT),-7^s| <^£fc+7^r + supe, <2;^e,+7^r . (5.1) 
se[o,t/fj.y] j,^-^ k=i 

The individual errors Sk can be bounded in a standard way by 



//■*'' \2 _2 

= IEN f^{p{s/fi^), q{s/fi^)) dsj - f^T 



< 



tfc-i 

fj(P,q){'PZ-s\/u f'i)(P^lh^(d.pdq)drds -J^t'^ 

JQ JTxR 

' ''^\\f,re-^''\^-^\/^-'drds<-\\fJlr^,, 



la Jo 1 

Here, we used the stationarity assumption. We also used Theorem II. 61 to bound the 
action of the semigroup V] . Combining this with (15. Il l yields 

e( sup |(Ar),_7 s|) <C!|/,||^./^ + 7^r 

= C||0,^,i|i.,^,,7"r-i/2 + CWd.^^rr < c[r~"^r'^''' + r). 

We now choose t = 7'' for some C > 0, arbitrarily small. Since we assumed a > 1/2, 
we conclude that 

UmE( sup |(AfT),~7^s|) =0. 
T^o ^se[o,t/M^] ^ 

Furthermore, it follows from the definition of and from Proposition 13.31 that one 
has lim^^o /7 = 2D*. This immediately implies that, as 7 ^ 0, {M^)t converges 
to 2D*t in L^ipL) and therefore M'' converges to a Brownian motion with diffusivity 
D*. □ 

The proof of the result stated in Remark [T3] on the large 7 asymptotic is essentially 
identical to the one presented above: Ito's formula, our assumption of stationarity and 
the scaling = 7"" lead to 

7-"q(t7i+2") = N'P + 

where lim^^oo 11^''^ 1 1 = and 



A'P = 27-^-^"/?-^ / \dpip^(p{s), q{s))\' ds. 

Jq 

The result now follows from the martingale central limit theorem, the subdivision of 
[0, t] that was used in the proof above and the fact that, for 7^1, estimate ( |1.15t 
becomes 

for some constant independent of 7. 
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6 Resolvent bounds 

In this section, we obtain the main bounds on the solution ip^ of the Poisson equation 
( I3.2I 1. It will be convenient to work not only in the I? space weighted by the invariant 
measure [l — e\p{~f3H{p, q)) dp dq, but in the whole scale of spaces Hs = L^il^s) for 
S G (0, /?]. The main technical difficulty is to obtain bounds in spaces for 5^/3, but 
this seems to be required in order to obtain the bound on the L^-norm of dptp-y required 
in Section|5] We first focus on bounds for the case S — (3. 

The norm and scalar product in TY^ will be denoted by 1 1 • \\s and ( • , • ) 5 respectively. 
The subscript is omitted in the case S = f3. We also denote by fig the probability 
measure on T x R proportional to exp{—SH(p,q))dpdq and by the probability 
measure on R proportional to exp(— (5p^/2) dp. 

6.1 Bounds in Hp 

We have the following preliminary bound: 

Proposition 6.1. Let ip^ denote the solution of ( 13. 2t and assume that V{q) e Cj^^(T). 
Then, Lp^ satisfies the bound 

\\d.pp4<C, (6.1) 
for some constant C independent ofj. 

Proof. Existence and uniqueness of solutions to i3.2\ is proved for example in IIPV85I . 
see also IIHP04I Thm. 3.3]. The smoothness of the solution follows from the hypoel- 
lipticity of the operator L'^. Estimate (16.1b follows from the Poincare inequality for 
Gaussian measures in the following way: we multiply ( 13.21 ) by p-^ and integrate by 
parts on the left hand side to obtain 

r'\\dpp4' = {p,p + p) , 

where we defined 

^7(9) = J ViiP^ 1) vp(dp) , pj(p, q) = p^p, q) ~ Ip^q) . 

Since, for every q, p~f averages to zero with respect to i/p, it satisfies the Poincare 
inequality. On the other hand, we have that {p,p4 — 0, since Tp^ is a function of q 
only. Hence, by Cauchy-Schwarz and Poincare, we have the bound 

\\dppj^ = l3{p,'Py) < (3\\p\\\\Py\\ < CWdpp^ ^ C\\dpp4 , 

for some constant C independent of 7. This concludes the proof. □ 

We proceed now with the proof of Theorem 11.61 which we restate here for the 
reader's convenience. 

Theorem 6.2. There exist constants C and a independent of j such that 

lle^-'/ll <C^e-"*||/||, (6.2) 
holds for every t > 0, every 7 < 1, and every f G L^(p) such that J fd^L = 0. 
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Proof. The proof is a variation on the commutator techniques introduced in ||Koh69l 
IKoh78l and further developed in OEPRB991lEHOOllHN04llHN05llW06ll . The argument 
given here is actually mainly inspired by the techniques developed by Villani in | Vil06l . 
In particular, we make use of his idea of constructing a 'skewed' scalar product in 
which the coercivity of becomes apparent. The main difference is that we are going 
to track carefully the dependence of the various terms on the parameter 7. 
We will use the following notations: 

B=pdq- V'{q)dp , B* = -B , 

The reason why we are using the symbol B for the Liouville operator and not A as pre- 
viously is to be consistent with the notations adopted in II Vil06l . With these notations, 
we have = —A* A + j^^B. Here, the adjoints A* and B* are taken with respect to 
the scalar product inH = L^iiJ,). We also introduce the operators 

C=[A,B] = p-'^^dg, 

R = [C, B] = ~r'^^V"(q)dp = -V"(q)A . 

We introduce the symmetric sesquilinear form ((•, )) defined by polarisation from 

((/, /)) = a{f, f) + 7(&(A/, Af) + 2Re(A/, C f) + Cf)) , 

for some constants a and 6 to be determined later. If we take 6 > 1, then this is indeed 
positive definite and induces a norm equivalent to the norm || • j| 1 -y given by 

\\f\\l, = \\ff + l{\\dvff + \\d,ff) . (6.3) 

Following the same manipulations as in IIVil06l Theorem 18], we see that there exists 
a constant c independent of 7 such that 

Re(/,L^/) = -|lA/!l2, 

Re(A/,AL^/) < -\\A^fr + c\\Aff + -\\Af\\\\Cf\\ , 

7 

Re(A/,C'L^/) +Re(AL^/,C'/) < --\\Cff + -\\Aff 

1 7 

+c\\A^mcA,f\\+c\\c.f\\\\m, 

Re{Cf,CL^f) < -\\CAff + -\\Af\\\\Cf\\ . 

7 

It is now easy to see that we can choose a ^ b ^ 1 sufficiently large (but still inde- 
pendently of 7!) so that 

Re((/,L^/)) < -II A/IP - \\Cfr - 7(||A2/||2 + \\CAm . (6.4) 

Note now that, provided that / is centred with respect to 1^1, the Poincare inequality tells 
us that there exists a constant k such that 

||A/|P+||C'/||2>^||/||2, 

so that ( 16.41 ) implies in particular that Re((/, L-^,/)) > K'{{f,f)) for some k'. This 
immediately implies that there exist positive constants C and a such that 

||e^^*/l|i,7<Ce-"*ll/lli,7- (6-5) 
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We will now show that there exists a time r and a constant C, both independent of 7 
(provided that 7 is sufficiently small) such that 

||e^^"/||i,7 <C||/!| . (6.6) 

Combining this with ( 16.5b and ( 16.3b then implies that ( 16.21 ) holds. 

In order to show ( 16.61 ). we combine the previous technique with the usual trick for 
proving regularisation results for parabolic PDEs. We fix a smooth function / and we 
define the quantity 

2Af(t) = KWftf + j(t\\Aft\\^ + t^Cftf + St^Aft, Cft)) , ft = V^f , 

for some (large) constant K and some (small) constant 6 to be determined later. Taking 
the time derivative of Af, we obtain 

dtAf < -A-||A/i||2 +7P/,||2 +c7||A/i||2 + c||A/i||||(7/t||) 

+ 37<' 1 1 C/t 1 1 ' + ( -7 1 1 CAft 1 1 ^+c\\Aft\\\\ Cft \ \ ) + 2t^5{Aft,Cft) 
+ 5t\-\\Cft\? + c\\Aftr + n\\A^ft\\\\CAft\\+c^\\Cft\\\\Aft\^ 

< -^Uftf itU'ftf it'WCAftf - st^wcftf 

+ ct\\Aft\\\\Cft\\+ci5t^\\A^ft\\\\CAft\\ . 

(For the second inequality we changed the value of the constant c and we assumed that 
t G [0, 1].) Notice now that one can first choose 5 sufficiently small (but independently 
of 7) such that 

n5e\\A^ft\\\\CAft\\<-it\\A^ftr + lt^\\CAftr . 
We can then choose K sufficiently large so that 

ct\\Aft\\\\Cft\\<^^\\Aftr + 5e\\Cftf. 

With these choices, we get dtAf < 0, so that Af{l) < Af{0). This immediately 
implies the bound (16.6b . □ 

By simply integrating from to 00, this implies that one has the resolvent bound: 

Ili^Vll <C||/II , (6.7) 

holding for every / G Hp such that (1, /) = 0. It turns out that, up to a constant, this 
bound is actually optimal: 

Proposition 6.3. There exists a constant C independent of 7 such that the operator 
norm of the resolvent satisfies 

\\L-'\\>C. 

Proof. We make use of the fact that the norm of the resolvent can be characterized by 

\\L-'\\ = ( inf ^ (6.8) 

' \feV(L^):{ij)=o 11/11 J 

If we take / of the form f = Lp o H for an arbitrary smooth bounded function ^p such 
that (1, /) = 0, then L^f (and therefore also ||L^/||) is independent of 7. Similarly, 
11/11 is independent of 7 so that the infimum appearing in ( 16.8b is bounded from above 
by a constant independent of 7, thus proving the claim. □ 
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We now use these estimates to obtain bounds on the solution ip~^ to the Poisson 
equation —L^ip^ = p. 

Proposition 6.4. There exists a constant C independent of j such that 

IIV7II + Wdp^^W + WdqiPfW < C . 

Proof. We have from ( 16.41 ) and the fact that the || • || i^-norm of p is bounded indepen- 
dently of 7 that 

The last inequality followed from the bound ( 16.5b . One can actually extract slightly 
more from the above bounds. At this stage, we note that one can write B ~ j{L — 
A* A), so that 

= j{p,Bip^) -j{Aip^,ABip^) . 
Since furthermore B is antisymmetric and [A, B] = dq, we have 

Collecting this with the previous estimates, we obtain the existence of a constant C such 
that 1 1 -BfyS^ i I < C^/j, which in turn yields a bound of the type \ \A* Aip-f \\ < C/ □ 

6.2 Bounds in U& witli 5 7^ /3 

We now show that similar bounds hold in every TYa . The main difficulty is that these 
spaces are no longer weighted by the invariant measure of the system, so that sev- 
eral simplifications are lost. In particular, the very useful relation Re((/3, L~fLp) — 
— /3^^||(3p(^|P does not hold anymore. 

Throughout this section, we will write Lsym for the symmetric part of in Ti^: 
((y5, L^ip)s = {ip, L^y^(p)s- An explicit calculation shows that one has 



Lsym — (^p^p + 



2/3 2/3 



where we denote by 9* = —dp + Sp the adjoint of dp in Hs- Note that one has Lsym = 
—P^^dpdp if and only if 6 — p. A standard calculation shows that Lsym is unitarily 
equivalent to the Schrodinger operator corresponding to the harmonic oscillator, so that 
one can explicitly compute its spectral decomposition. In order to do so, we define 

^=J_ + ^mE^, A^p-^Hdp + ap), (6.9) 
and we note that one can write 

Zp 

Furthermore, one has [^* , A] = —{2a + S)/ (3. This shows that the eigenvalues of Lsym 
are given by 

13 - Vd(2l3 - d) Vd(2fJ - d) 
= 2P " -p ' " = 0'1'---' 
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and the corresponding eigenfunctions are /„ oc {A*)"fo with /o oc exp(— ap^/2). In 
the special case S ^ f3, one simply has A„ = — n. 

In order to obtain bounds in Hs, we note that i3.2i yields the relation 



\\A(p-f\\s ^ iW-rh = WiiPIs ■ 

This immediately implies that there exist constants C and N independent of 7 such 
that one has 

li\\A^y\\j + y4s)<\{v>y,P)6\ + CY. [ (/ h{p)v^{p.q)e-'P''^dpf dq. 

On the other hand, all the /^'s are of the form Pfc(p)e^"^^/^ for some polynomial P^. 
of degree k. This implies that, for every 5' < 2{a + 6), there exist constants Ci, C2 
such that one has the bound 

\\A^^\\s + y-y\\5 <Cl + C2y-y\\s' ■ 
Since, for 5 > (3, one has a > 0, one has in particular the bound 

WAlp^Ws + \\lp^\\s < C(l + \\ip42s) ■ (6.11) 
This calculation shows that: 

Proposition 6.5. One has ip^ g n5>o^'5 cind, for every S £ {0,(3], there exists a 
constant C independent of^ such that 

ll<9pV'7ll' + ll¥'7ll'<C- (6.12) 

Proof. Since one has |l<^-yl|5 < C||(y5-y||5' for 5 > S', we can apply ( 16.111 ) recursively to 
obtain 

\\Aip4s + \\^4s<C{l + yjp)<C , 



where we made use of Proposition 16. ll for the second inequality (the two constants C 
are of course different). Since furthermore < C||(/7-y||5' for 5 > 5', this proves 

the claim. □ 

We are now going to show that it is also possible to obtain an order 1 bound for 
II ^^(/j^ II 5, but as before this is less straightforward. We first start with the following 
preparatory result: 

Proposition 6.6. There exists a constant C independent of ^ such that 

\\dl^4 + \\dpd,^,\\ + \\dl^4 < ^ . 

Proof. The bound for ||9pi^-y|| was obtained in Proposition 16.41 In order to obtain 
the bound on dpdqip^, note that one has [L^, dq] = ^~^V"(q)dp, so that L^dqip^ — 
ry-'^V"{q)dp(p^. Therefore, we have 

C 

\\dpdq(p^f = {dqip^^L^dqip^) = -f~'^ {Oqip^ ,V" (q)dpip^) < —\\dqipy\\\\dpip^\\ , 

7 
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so that the bound follows from Proposition 16.41 Finally, it follows from ( 16.41 ) that we 
have the bound 

\\dl^4' < \{{dgV^^,L^d,^^))\ = j-'\{{d,^„V"{q)dp^,))\ 
C 

< — ||(9,(^^||||ap^^|| +C{\\dpdgip^\\^ + \\dpdgipy\\\\dlip^\\ + \\d^ipy\\\\dpdqipy\\ 
+ 115,^11 ll^pVll + II 5,^7 II II 9p^7 II + 119^9,^711 II 5p^7 II) 

<^ + ^HV7ir, 

where we made use of all of the the previously obtained bounds in the last step. □ 



Our aim now is to mimic the proof of Theorem 1 1.61 with the space Hp replaced 
by Hs for some arbitrary S E (0,(3]- We define A as in ( 16.9b and we set as before 
B = pdq — V'(q)dp. We furthermore define the operator B (which is antisymmetric in 
ns)hy 



With these notations, we can check that can be written as 



L, = -A*A^'-B + B^P-^^^, 

where the adjoint of A is taken in Tis- This motivates the definition of an operator L-y 
given by 

= -A*A+-B . 

7 

Our strategy is then to obtain a bound similar to (16.4b with replaced by and to 
use make use of the fact that the difference between and is sufficiently "small". 

Theorem 6.7. For every 5 G (0, /3], there exists a constant C such that 

\\dp^,\\j + ||9,V'7ll' +7(l|a>^||^ + ||9A^7ll' + 119,^711') < C , (6.13) 
independently of^f. 

Remark 6.8. In terms of -estimates, these hounds are likely not to he ahsolutely 
optimal. In the limit 7 — > the solution ip^ of the Poisson equation ( |i.2| ) indeed 
converges to a function of the form 



if o H for p > 
—ip o H for p < 



where tp: Ii+ R+ is a smooth function with Lp^{H) = Ofor H < Eq and such that 
liniHiEo f'(H) ^ 0. Note that the second derivative of (p^^ is therefore not square- 
integrahle. For small values ofj, it is helieved l[Sow03\ \Sow05]l that, around H = Eq, 
the function p^ develops a 'houndary layer' of width ^ on which, from simple scaling 
arguments, its second derivative should he of order 7^1/^ . 
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Proof of Theorem \6. 71 We define as before the operators C and R by 

C = [A, B] = {dq + , R={C,B] = -V"{q)A . 

With these notations, we define similarly as before the scalar product 

((/, /».- = + 7(6(A/, Af), + 2Re(A/, Cf)s + b{C.f, Cf)s) , 

where a and h are constants to be determined later. Since the algebraic relations be- 
tween L^, A, B, C, and R are exactly the same as above, we can retrace step by step 
the proof of ( 16.41 ) to get 

\\Af\\j + \\Cf\\j + -/{\\A'm + \\CAf\\j) < -Re{{f,L^f))s . (6.14) 

Since furthermore we know from Proposition 16 . 5 1 that ||</5-,||i and (and therefore also 
for every n) are bounded by constants independent of 7, this implies the 
existence of a constant C such that 

< C{1 + {{fj,ip^))s + \{{Lpj,pdpLpj))s\) ■ 

However, it is a straightforward calculation to check that, from Proposition l6.5l and the 
definition of ((•,•)) 5, one has 

\{{ip^,pdpip^))s\ < liWdpipjj + jiWd^pipX + Wdpd.ipjj)) + c(i + {{ip^,ip^))) , 

so that we get the bound 

\\dp^4] + \\d,^4l+l{\\dlVi\?5 + \\dpd,^i\?s) < C(l + ■ 

We can actually even get slightly better than that, in the same way as in Proposition l6.6l 
Using ( 16.141 1 and the commutation relation [Z^, dq\ = ^^'^V"(q)dp, we have: 

so that we finally get the existence of a constant C such that 

(6.15) 

Our aim now is to show that, for every 5 g (0, there exists a constant C such 
that ((iy9-y, <f-^))5 < C, independently of 7, which will then conclude the proof of the 
theorem. This will be performed thanks to a bootstrapping argument similar to the one 
we used already in the proof of Proposition l6.5l One has, for some constant c > 0, 

< \\V'(\\s+^ {(dpifi-yf + (dq(p^f)fis(dpdq) 

JT JR 

+S\pipjdpipj \ + S\V'iq)Lpjdqipj\) fis(dpdq) 
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Writing 25 = Si + 5-2 with Si > and applying Cauchy-Schwarz, we obtain from this 
the existence of positive constants c and C such that 

c((ip^,ipj))s < WfyWs + C7(ll'^7ll'5i + !lm!l<5i) 

X (l|c'p'/'7ll<52 + \\dq^-f\\s2 + \\dp^'r\\s2 + ll^qi^^HaJ • 

It therefore follows from ( 16.15b and Proposition l6.5l that there is a constant (depending 
on the choice of 6i) such that 

{{Vi,Vi))s < C(l + {{ip^,ip^))s^) . 

Since $2 can be chosen larger than S (actually up to, but not including 2S), we can 
apply this inequality recursively to bound {{(p-^, t>y (((yS^, V^t))/? which in turn has 
already been bounded in Propositions l6.5l and l6.6l □ 

As a simple corollary, we have the following bound on dpip^ which is used in the 
proof of Theorem ll.2l 

Corollary 6.9. The function dpip^ belongs to L'^{iJis) for every 6 € (0,/3] and every 
7 > 0. Its norm in 

L\fis) is of order 0(j-^^^). 

Proof. Denoting by A the Laplacian on R^, it follows from the fractional Sobolev 
inequalities that 

( / \dp^-yf Mdpdqij < / ((1 - A)^/^^^^?^ e-smp,q)/4 ^^^^ ^^^^ 

< |((1 - A)i/2ap^^e-^^(f'^'/4)9p^^e-*«(P^«'/4 dpdq 

< C\\dpLpy\\s/2i\\dp(f^\\s/2 + \\9piPf\\s/2 + \\dqdpLpy\\s/2 + \\pdp(f^\\s/2) 
<c(l + 7"^/') , 

were we used Theorem |6.7| □ 

Remark 6.10. In a similar way, one can obtain, for every p g [1, oo), bounds of order 
0(1) for ipj LP(fis)- Unfortunately, using the Sobolev bounds obtained for ip^ in this 
section, it is not possible to obtain bounds of order 0{\) for dpipj in U'{pLs), even 
though we conjecture that such bounds hold true. 
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